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Abstract 

In this paper, we consider the following type of non-local (pseudo-differential) operators C 

1 -J^ ^ d f d \ f 

^^i^) = o E 7)~ «»i(^)fl— +1™ / {u{v) -u{x))J{x,y)dy, 

^ i^l V "^j/ ''^0 J{ym'':\y-x\>e} 

where A{x) = {aij{x))i<ij<d is a measurable dxd matrix-valued function on that is uniform 
elliptic and bounded and J is a symmetric measurable non-trivial non-negative kernel on R"^ X 
satisfying certain conditions. Corresponding to £ is a symmetric strong Markov process X on M.'^ 
that has both the diffusion component and pure jump component. We establish a priori Holder 
estimate for bounded parabolic functions of C and parabolic Harnack principle for positive 
parabolic functions of C. Moreover, two-sided sharp heat kernel estimates are derived for such 
operator C and jump-diffusion X . In particular, our results apply to the mixture of symmetric 
diffusion of uniformly elliptic divergence form operator and mixed stable- like processes on M'*. 
To establish these results, we employ methods from both probability theory and analysis. 

1 Introduction 

It is well-known that there is an intimate interplay between self-adjoint pseudo-differential operators 
on M.'^ and symmetric strong Markov processes on M*^. For a large class of self-adjoint pseudo- 
differential operators C on that enjoys maximum property, there is a jump-diffusion X on R*^ 
associated with it so that C is the infinitesimal generator of X, and vice versa. The connection 
between C and X can also be seen as follows. The fundamental solution (also called heat kernel) 
for C is the transition density function of X. In this paper, we are interested in the a priori Holder 
estimate for harmonic functions of such operator C, parabolic Harnack principle and the sharp 
estimates on the heat kernel of C. 

Throughout this paper, d > 1 is an integer. Denote by nid the d-dimensional Lebesgue measure 
in M*^, and C^(M'^) the space of C^-functions on with compact support. We consider the following 



*Research partially supported by NSF Grant DMS-06000206. 

^Research partially supported by the Grant-in-Aid for Scientific Research (B) 18340027. 



1 



type of non-local (pseudo-differential) operators £ on M'^: 

\ Q / d \ f 

^'^(^) = (aij{x)—) +lim {u{y) -u{x))J{x,y)dy, (1.1) 

where A{x) = {aij{x))i<ij<d is a measurable d x d matrix- valued function on that is uniform 
elliptic and bounded in the sense that there exists a constant c > 1 such that 

d d d 

^ < ^ c ^ for every x, (6, • • • , U) G (1-2) 

i=l i)i=l *=1 

and J is a symmetric non-negative measurable kernel on M"' x M"' such that there are positive 
constants kq > 0, and (3 £ (0, 2) so that 

J{x,y) < Ko\x -y]''^''^ fov\x-y\<6o, (1.3) 

and that 

sup / {\x - y\'^ Al)J{x,y) dy < oo. (1.4) 
Clearly under condition (jl.Sp . condition (|1.4p is equivalent to 

sup / J{x,y)dy <Qo. 

x&R'^ J{ym'i:\y-x\>l} 

Associated with such a non-local operator C is an M^-valued symmetric strong Markov process 
X whose associated Dirichlet form {£,J-) on L^(M'^;m^) is given by 

£{u,v) = - I \/u{x) ■ A{x)Vv{x)dx + [ {u{x) — u{y)){v{x) — v{y))J{x,y)dxdy, 

2 jRd J^d (1.5) 



T = CI 

where for a > 0, Eaiu^v) := £{u,v) + a J^a u{x)v{x)m(i[dx) . 

When the jumping kernel J = in (|1.1|) and p.5|) . £ is a uniform elliptic operator of divergence 
form and X is a symmetric diffusion on W^. It is well-known that X has a joint Holder continuous 
transition density function p(t, x, y), which enjoys the following celebrated Aronson's two-sided heat 
kernel estimate: there are constants Cfc > 0, A; = 1, • • • , 4, so that 

cip^'it, C2\x - y\) < p{t,x,y) < C3p^{t,C4\x - y\) for t > 0, x,y G W^. 

Here 

p^(t,r) :=t-'^/2exp(-rVt). (1-6) 

It is also known that parabolic Harnack principle holds for such C and that every bounded parabolic 
function of C is locally Holder continuous. See [Strj for some history and a survey on this subject, 
where a mixture of analytic and probabilistic method is presented. 
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Let be a strictly increasing continuous function (p : with (/)(0) = 0, and = 1 

such that there are constants c>l,0</3i</32<2 such that 

^ \—) ^ Tjvf ^ ^ (7) ^^'^^y <r < R<oo, (1.7) 



and 



< c for every r > 0. (li 



/o (Als) 0(r) 
Observe that condition p.7p imphes that 

g-i^/3i < ^^^^ < for r > 1 

and 

In the sequel, if / and g are two functions defined on a set D, f ^ g means that there exists C > 
such that C-^f{x) < g{x) <C f{x) for all xeD. 
When A{x) = in (|1.5p and J is given by 

|x - yr - y|) 

where (/> satisfies the conditions (jl.7p - (|1.8p . the corresponding process X is a mixed stable-like 
process on R'^ studied in [CK2j . A typical example of J satisfying condition p.9p is 

J{x,y)=[ 



ai 



\x — y[ 



where z/ is a probability measure on [ai, 02] C (0, 2) and c{a, x, y) is a symmetric function in x and 
y is bounded between two positive constants that are independent of a G [ai, a2]- Under the above 
condition, a priori Holder estimate and parabolic Harnack principle are established in |CK2j for 
parabolic functions of X. Moreover, it is proved in [CK2j that X has a jointly continuous transition 
density function p{t, x, y) and that it has the following two-sided sharp estimates: there are positive 
constants < ci < C2 so that 

cip>{t, \x - y\) < p{t,x,y) < C2p'{t, \x - y\) for t>0,x,y G W^, 

where 



(1.10) 



with (p~^ being the inverse function of (j). Here and in the sequel, for two real numbers a and 
b, a A b := min{a, 5} and a\/ b := max{a, 6}. We point out that, in contrast to the diffusions 
(or differential operator) case, heat kernel estimates for pure jump processes (or non-local integro- 
differential operators) have been studied only quite recently. See the introduction part of |CK2j for 
a brief account of some history. 
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In this paper, we consider the case where both A and J are non-trivial in (jl.ip and (jl.Sp . 
Clearly the corresponding operators and jump diffusions take up an important place both in theory 
and in applications. However there are very limited work in literature for this mixture case on the 
topics of this paper, see jBKUj . |CKS| and |SV| though. One of the difficulties in obtaining fine 
properties for such an operator C and process X is that it exhibits different scales: the diffusion 
part has Brownian scaling r while the pure jump part has a different type of scaling. Never- 
theless, there is a folklore which says that with the presence of the diffusion part corresponding to 
k X]f j=i ^ a§") ' better results can be expected under weaker assumptions on the jumping 

kernel J as the diffusion part helps to smooth things out. Our investigation confirms such an 
intuition. In fact we can establish a priori Holder estimate and parabolic Harnack inequality under 
weaker conditions than (jl.9p . We now present the main results of this paper. Let W^'^iR'^) denote 
the Sobolev space of order (1,2) on M''; that is, ^^^'^(IR'^) := {/ £ L'^{R'i;md) : V/ G L'^{R'^;md)}. 
It is not difficult to show the following. 

Proposition 1.1 Under the conditions (|1.2p - (|1.4p . the domain of the Dirichlet form of (|1.5p is 
characterized by 

T = l^i.2(M^) = {/ e l2(M'^; m,) : f (/, /) < oo}. 

Let X be the symmetric Hunt process on R'^ associated with the regular Dirichlet form (iS, T^. It 
will be shown in Theorem 12.21 below that X has infinite lifetime. Let Z = {Z^ := (Vq — t, Xt),t > 0} 
denote the space-time process of X. We say that a non-negative real valued Borel measurable 
function h{t, x) on [0, oo) x M"^ is parabolic (or caloric) on D = (a, b) x B{xq, r) if there is a properly 
exceptional set N dW^ such that for every relatively compact open subset Di of D, 

/.(t,x)=E(*'-')[/i(Z,,J] 

for every {t,x) G I^i n ([0, oo) x (R*^ \ AA)), where r^^ = inf{s > : Zg ^ Di]. We remark that 
in [CKlt ICK2j the space-time process is defined to be (Vq + 1, Xt) but this is merely a notational 
difference. In this paper, we first show that any parabolic function of X is Holder continuous. 
Recall that 5q is the positive constant in condition (|1.3p . 

Theorem 1.2 Assume that the Dirichlet form given by (jl.Sp satisfies the conditions (jl.2p - 

p.4p and that for every < r < Sq, 

inf inf / J{x,z)dz>0. (1.11) 

xo,yo€md x£B{xo,r/16) J B(yo.r/l%) 
\^o-vo\=r 

Then for every Rq £ (0,1], there are constants c = c(i?o) > and k > such that for every 
< R < Rq and every bounded parabolic function h in Q{0, xo,2R) := (0, 4ii^) x B{xo,2R), 

\h{s,x)-hit,y)\ <c\\h\\^^RR-'' {\t - s\^/^ + \x - y\y (1.12) 

holds for {s,x), {t,y) £ Q{0,xo,R), where ||/i||oo,_R := sup(( y)g[o_4^2]xKd\Ar In particular, X 

has a jointly continuous transition density function p(t, x, y) with respect to the Lebesgue measure. 
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Moreover, for every tQ G (0, 1) there are constants c > and k > such that for any t, s £ (to, 1] 
and {xi, yi) eW^ xW^ with i = l,2, 

\p{s, xi,yi) - p{t, X2,y2)\ < ctg ^'^"^"-'^^ (\t - + |xi - X2\ + \yi - y2|) • (1-13) 

In addition to (jl.2p - (jl.4p and (jl.lip . if there is a constant c > such that 

Jix,y) < / J{z,y)dz whenever r < i|x — y| A 1, re, y G M'', (1-14) 

r'^ JB(x,r) 

we show that the parabohc Harnack principle holds for non-negative parabolic functions of X. 
(Note that (jl.l4p was introduced in [BBKt ICKKj and it was denoted as (UJS)<i there.) 

Theorem 1.3 Suppose that the Dirichlet form given by (jl.Sp satisfies the condition (|1.2p - 

()1.4p . (jl.lip and (|1.14p . For every 6 £ (0,1), there exist constants ci = ci{6) and C2 = 02(6) > 
such that for every z G M!^, to > 0, < R < ci and every non-negative function u on [0, 00) x M*^ 
that is parabolic on {to, to + 66R^) x B{z,4R), 

sup u{ti,yi)<C2 inf u{t2,y2), (1-15) 

(ti,!/i)6Q- (t2,y2)eQ+ 

where Q- = {to + 5R^ ,to + 25R^) x B{xo,R) and Q+ = {to + 35R^ ,to + AdR"^) x B{xo,R)■ 
Note that elliptic versions of Theorem II. 21 and II. 31 are claimed in |Foj under similar assumptions, 

however we have some difficulty to follow some of the arguments there. Clearly, our theorems imply 

the elliptic versions given in |Fo] . 

We next derive two-sided heat kernel estimate for X when J{x,y) satisfies the condition (|1.9p . 

Clearly ([L3])-([Ll]), (fTTT]) and (fTTil) are satisfied when (^M) holds. Recall that functions p''{t,x,y) 

and p'{t,x,y) are defined by (jl.6p and (jl.lOp . respectively. 

Theorem 1.4 Suppose that (jl.2p holds and that the jumping kernel J of the Dirichlet form {£,J-) 
given by (|1.5p satisfies the condition (|1.9p . Denote by p{t,x,y) the continuous transition density 
function of the symmetric Hunt process X associated with the regular Dirichlet form {£,^) of (|1.5p 
with the jumping kernel J given by (jl.9p . There are positive constants Ci, i = 1, 2, 3, 4 such that for 
every t > and x, y G M'^, 

ci (t-"/' A r\tr'') A (/(t, C2\x - y\)+p'{t, \x - y\)) 
< p{t,x,y)<c3 (t-''/^ Acp-^t)-'') A{p''{t,Ci\x-y\)+p'{t,\x-y\)). (1.16) 

The following figure shows which term is the dominant term in each region when (p in (jl.Op is 
given by (p{r) = r" with < a < 2. It is worth mentioning that there is a short-time short-distance 
region in t < R^ < 1 where the jump part is the dominant term. 



5 



R= I x-y I 



t=R 




When A{x) = Idxd, the d x d identity matrix, and J(x, y) = c\x — y\~'^~°' for some a G (0, 2) in 
(jl.Sp . that is, when X is the independent sum of a Brownian motion W on M"^ and an isotropically 
symmetric a-stable process Y on W^, the transition density function p{t, x, y) can be expressed 
as the convolution of the transition density functions of W and y, whose two-sided estimates are 
known. In [SVj . heat kernel estimates for this Levy process X are carried out by computing the 
convolution and the estimates are given in a form that depends on which region the point (t, x, y) 
falls into. Subsequently, the parabolic Harnack inequality (jl.l5p for such a Levy process X is 
derived in [SVj by using the two-sided Heat kernel estimate. Clearly such an approach is not 
applicable in our setting even when (p(r) = r", since in our case, the diffusion and jumping part 
of X are typically not independent. The two-sided estimate in this simple form of (|1.16|) is a new 
observation even in the independent sum of a Brownian motion and an isotropically symmetric 
a-stable process case considered in [SVj. 

Our approach employs methods from both probability theory and analysis, but it is mainly 
probabilistic. It uses some ideas previously developed in [BBCKl [BBKl OOl [UK2l ICKKj . To 
get a priori Holder estimates for parabolic functions of X, we establish the following three key 
ingredients. 

(i) Exit time upper bound estimate (Lemma 12. 3p : 

^x[rB{xo,r)] < cir^ for x G B{xo,r), 
where TB[xo,r) '■= inf{t > : Xf ^ B{xQ,r)} is the first exit time from B(xo,r) by X. 

(ii) Hitting probability estimate ( (j4.ip below): 

„2 



X. 



TB(x,r) 



iB{x,s)] < 



{sM) 



for every r E (0, 1] and s > 2r. 



(iii) Hitting probability estimate for space-time process Zf = (Vq — t,Xt) (Lemma 14. ip : for every 
x G M"^, r G (0, 1] and any compact subset A C Q{x,r) := (0,r^) x B{x,r), 



(r^,a;) 



(fJA < Tr) > C3 



md+l{A) 



r.d+2 



where by slightly abusing the notation, aA '■= {t > : Zf & A} is the first hitting time of 
A, Tr := inf{t > : Zt ^ Q{x,r)} is the first exit time from Q{x,r) by Z and rrid+i is the 
Lebesgue measure on M'^"*'^. 
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Throughout this paper, we use the following notations. The probability law of the process X 
starting from x is denoted as P^; and the mathematical expectation under it is denoted as E^., while 
probability law of the space-time process Z = iV^X) starting from i.e. {Vq^Xq) = 

is denoted as p(*'^) and the mathematical expectation under it is denoted as E^*'^^ To establish 
parabolic Harnack inequality, we need in addition the following. 

(iv) Short time near-diagonal heat kernel estimate (Theorem 13. ip : for every to > 0, there is 
C4 = C4(to) > such that for every xq G M*^ and t G (0, to]) 

> at-'^/'^ for x,y G B{xQ,Vi/2). 

Here p^{^o,Vi) [g transition density function for the part process x^^^"'^) of X killed 
upon leaving the ball B{xo, \/t). 

(v) (Lemma [33]): Let ii < 1 and 5 < I. Qi = [to + 26R'^/3, to + bSR"^] x B{xo,3R/2), Q2 = 
[to + SR'^/3, to + nSR'^/2] X B{xo,2R) and define Q_ and Q+ as in Theorem Ol Let 
h : [0, cxd) X M°' ^ be bounded and supported in [0, cxd) x B{xo,3RY. Then there exists 
C5 = c^i^) > such that 

E(*i'?^i)[/i(Z,^J] < C5E(*2'^2)[/i(Z,qJ] for (ti,yi) G Q- and (t2,y2) e Q+. 

The proof of (iv) uses ideas from [BBCKj . where a similar inequality is established for finite 
range pure jump process. However, some difficulties arise due to the presence of the diffusion part. 

The upper bound heat kernel estimate in Theorem 1 1.41 is established by using method of scaling, 
by Meyer's construction of the process X based on finite range process X^^^ , where the jumping 
kernel J is replaced by Jix,y)l[\x-y\<\}: by Davies' method from jCKSj to derive an upper 
bound estimate for the transition density function of X^'*') through carefully chosen testing functions. 
Here we need to select the value of A in a very careful way that depends on the values of t and 
|x - y[. 

To get the lower bound heat kernel estimate in Theorem II. 4t we need a full scale parabolic 
Harnack principle that extends Theorem 1 1.31 to all i? > with the scale function (/>(i?) := R? /\4>{R) 
in place oi R ^ R? there. To establish such a full scale parabolic Harnack principle, we show the 
following. 

(iii') Strengthened version of (iii) (Lemma 16. 5p : for every x G M*^, r > and any compact subset 
A C Q(0,x,r) := [0,7o^(r)] x B{x,r), 

r'^(f){r) 

Here 70 denotes the constant 7(1/2, 1/2) in Proposition! 



(vi) (Corollary 16. 6|) : For every 5 G (0, 70], there is a constant cg = c^ij) so that for every < i? < 1, 
r G (0, R/A] and (t, x) G Q(0, z, R/3) with < t < 7o^(i?/3) - 5^(r), 

„d7 
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where U (t, x, r) := {t} x B{x, r). 



With the full scale parabolic Harnack inequality, the lower bound heat kernel estimate can then be 
derived once the following estimate is obtained. 

(vii) Tightness result (Proposition 16 . 3(1 : there are constants C7 > 2 and cg > such that for every 
t > and X, y e M*^ with \x — y\> cj(j){t)^ 



Xt£Biy,C'rcp-Ht))) > cg 



\x -y\ 



\x - y\ 



Throughout the paper, we will define and use various Dirichlet forms, the corresponding pro- 
cesses and heat kernels. For the convenience of the reader, we list the notations here. 

(Dirichlet form) 
{£,T^): X killed on exiting B 

(£:W,H^i'2(M'^)) 

subordinated Dirichlet form {A) 

(^<5 jp<5,B,). ^5 j^ji^g^j exiting Br 
^g{r)^j:{r),By_ . killed on exiting B 

where in the above, 

(A) Y is the subordination of the symmetric diffusion for 'V{A'V), the local part of £, by the 
subordinator r] = {t + CQri^\t > 0}, where {rjl^^} is a (/3/2)-subordinator. 



(Heat kernel) 


(Process) 


(Jump kernel) 


p{t,x,y) 


X 


J{x,y) 


p^{t,x,y) 


X^ 


J{x,y) 


p^^\t,x,y) 


xw 


J{x,y)l{\x~y\<x} 


p(^'^\t,x,y) 


j^(A;n) 


J {x, y)'^{\x~y\<X} lB(n)xB(n) 


PY{t,x,y) 


Y 


K{x,y)\x - y\''^'f^ 


q\t,x,y) 




Jsix,y) {B) 


q^'^^{t,x,y) 


Z5,Br 


Js{x,y) 


qr'^{t,x,y) 




jf (x,y)-> (C) 


Pr{t,x,y) 




jW(:E,y) {D) 


pi^^ {t,x,y) 




J^'''^{x,y)l{\x^y\<x} 



(B) J5(x,y) := J(x,y)l{|^_j/|>5} + K(x,y)|x - y| l^l{\^_y\^s} 

5,B 
It 

for r G (0, 1]. 



(C) (7r'''(t,x,y) = q^{t,x,y) := r'^q^'^^ {rH,rx,ry), zf> := r'^Z^^.^, jP{x,y) := r^+^Js{rx,ry) 



(D) pr{t,x,y) := r'^p{(j){r)t,rx,ry), X^ ''' := r "^X-^^^^^, J^^\x,y) := (l){r)r'^J{rx,ry) for r > 0. 

2 Heat kernel upper bound estimate and exit time estimate 



Throughout this paper. We always assume the uniform elliptic condition ()1.2p holds for the diffusion 
matrix A. Let {£, be the Dirichlet form in (jl.Sp with the jumping kernel J satisfying the 
conditions (jl.3p and (jl.4p . We start this section by giving a 
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Proof of Proposition 11.11 For any u € Co(]R'^), we have 
and 

i J\x~y\<l 

^ fj {u{x) - <y))\ ^a ^ ||^||2\ ^. e,Ci,,(n,n). (2.1) 
Using Fourier transform, it is well-known that 

C,4u,n) = c[ i\Cf + l)m)\^d^<2c [ (|C|2 + l)|S(Opde = C3Ci,c(n,n). (2.2) 



Thus we have £{u,u) x Ci^c{u,u) for all u G Cq(IR'^). It follows then 

_ rnn^d^^-" _ wl,2mci\ 



□ 



2.1 Heat kernel upper bound estimate 

By the Nash's inequality 

||/||2^'/' < ci / |Vn(x)|2dx-||/||t/'<C2f(/,/)||/||t/" for / G Tyi'2(R'='), (2.3) 

we have, by Theorem [CKSl Theorem 2.9] and [BBCKl Theorem 3.1], that there is a properly 
^^-exceptional set AA C of X and a positive symmetric kernel p{t, x, y) defined on [0, oo) x (M*^ \ 
M) X {W^ \ M) such that for every x G M"' \ and t > 0, 



E,[/(Xt)] = / p{t,x,y)f{y)md{dy), 
p{t + s,x,y)= / p{t,x, z)p{s, z,y) for every t, s > and y G R'^ \ AA, 

and 

p(t, a;, y) < cr'^/'^ for t > and every x, y G M'^ \ 7\A. (2.4) 

Moreover, there is an .?-nest {Fk,k> 1} of compact subsets of M"' so that 7\A = M"' \ U^^Ffc and 
that for every t > and y G M'^\AA, x i-^ p{t, x, y) is continuous on each F^. Later, as a consequence 
of the Holder continuity result for parabolic functions, p{t, x, y) in fact has a continuous version so 
the exceptional set M can be taken to be an empty set. 

Now, for A G Q+, where Q+ is the set of positive rational numbers, let {£^^\W^''^{M.'^)) be the 
Dirichlet form defined by (jl.Sp but with the jumping kernel J{x, y)^{\x~y\<x} place of J{x, y). Let 
X^^^ be the symmetric strong Markov process associated with {£^^\W'^''^{R'^)), and let pW(t,x,y) 
be its transition density function. 
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Proposition 2.1 Let HX) := B„p / |e - Tken. tkere erist c,,c, > 

(independent of X & Q^- ) such that for any s > 0, the following holds for all t > and q.e. x, y, 

P^^^ {t, X, y) < cit~^/2 exp (^-s|x - y| + css^ (l + e'^^'6{X)^ . (2.5) 

Proof. First, note that by condition (jl.3p . we have 

Mm (5(A) = 0. (2.6) 

We use Davies' method to derive the desired heat kernel upper bound. From Nash's inequahty (j2.3p . 
by the same reasoning as that for X at the beginning of this section, the symmetric process X^^^ has 
a quasi-continuous transition density function p^^\t, x, y) defined on [0, oo) x (R'^ \ A/a) x (R"' \ A/a) 
such that 

p(^) {t, x, y) < ci f"'^/^ for every t > and x, y G M'^ \ A/'a. (2.7) 

Note that the above constant ci > is independent of A > 0. By (j2.2p . we have £[^\u,u) x 
Ci^c{u,u) X £i{u,u), so a set is <5j^^ -exceptional if and only if it is <?i-exceptional. Thus, letting 
J\f = Uasq+A/a, is a £:i-exceptional set. jlT]) together with [CKSl Theorem 3.25] and |BBCK[ 
Theorem 3.2] implies that there exist constants C > and c > 0, such that 

p(^)(t,x,y) <cit-'^/2 g^p(_|^(y)_^(^)|+^^^(^)2^) ^2.8) 
for all t > 0, x,y \ AA, and for any function i/j having Aa(V') < oo. Here 

AxW = ||e-2V'rA[e'^]||oo V \\e'^rx[e-^]\\^. 

where for ^ € R*^, 
For s > 0, take 

^/;(^) := s (|^-x| A |x-y|) for ^ G M'^. 
Note that |V'(??) - ^(C)l < « h - for all ^, r/ G M*^. So for ^ G M"^, 

e-2^(?)r;^[e^](^) < c2|VV'(e)|' + / (1 -e'^('')-^(«))2j(r?,0dr? 

J|r,-5|<A 

< C2S^ + [ (^(r?) - V(0)' e2|'/'('')-'^«)l J(r?, ^dr? 
J\v-^\<x 



E 1^(6 1^(0 + / {v{v)-v{0?J{v,Odri, (2.9) 



< C2S^ + e^^' [ \rj- V(r/, ^dr? 

<C2s' (l + e''^6iX)" 



Here C2 > is independent of A G Q+. The same estimate holds for e^^^^^Tx[e-^]iO- 

So we have 

the desired estimate. □ 
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2.2 Conservativeness 



Theorem 2.2 The process X is conservative; that is, X has infinite lifetime. 

Proof. Recall the process X^^^ defined in the previous subsection. X can be obtained from X^'^^ 
through Meyer's construction by adding all the jumps whose size is larger than A (see Remarks 
3.4-3.5 of [BBCK] and Lemma 3.1 of [BGK] ). Note that by ([OD and pri]) . there is a constant 
6o > such that 

sup / t{\x-y\>x}J{x,y)dy < 6oA~^ for every A G (0, 1]. (2.10) 

Thus, it suffices to show that X^^^ is conservative. To show this, we look at reflected jump-diffusions 
with jumping kernel J{x,y)l^\ri;-y\<x} iu big balls, as in jCK2l Theorem 4.7]. In the following, we 
fix A G Q+. Let xo G M'^, > lOOA. Define B{n) = B{xo,rn) and 

^^^^•"^(/,/) = / Vf{x).A{x)Vf{x)dx+ [ [ {fix)-f{y)fj{x,y)l{^,_y^^^ydxdy, 

JB(n) JB{n) J B{n) 

■^1 



^(A;n) = i^f^ C\B{n)) : 8 (^;")(/, /) < oo} 

where £^'^\u,u) := £^'^''"'\u,u) + J^^^^u{x)^dx. Clearly (£r(-*''"-), ^(-'*'")) is a regular symmet- 
ric Dirichlet form on L'^{B{n);dx). Let X^^'"^^ be the Hunt process on B{n) associated with 
(f(^'"),jr(A;")). Since a constant function 1 G J^^-^^") with f(^;")(l,l) = 0, is recurrent and 

so X^'^'") is conservative. Let p^'^'"'\t, x,y) be the transition density function of X^^'^\ Then, sim- 
ilarly to the proof of Proposition 12. H we see that p^^'"\t, x, y) exists for all t > 0, x, y G B{n) \N'n, 
where Mn is a properly exceptional set for X^^''^\ and moreover it enjoys the estimate (12. 5p with 
constants independent of n. Using (12. 5p with s = 1, for x G B{n) \ Mn, t G [1,2] and R < rn, we 
have 



) = / p(^-'^\t,x,y)dy 

' JB(n)\B(x,R) 



'B{n)\B{x,R) 

< ci [ e-\''-y\dy < cse"^, 

JB{n)\B{x,R) 

where ci,C2 may depend on A, but they are independent of n and R. Given this estimate, the 
rest is the same as that of |CK21 Theorem 4.7]. We will sketch the argument. Note that for 
X G Br„-x \ Nn, ^^^'"^ has the same distribution as that of X^^'^ before X^^''^'^ leaves the ball 
Br„-x. Thus, estimating as in |CK21 (4.23)], we have for a.e. x G Br^, 

Fx(^C>l and sup jX^^^ - x\ < R^ > (^sup - x\ < R^ 

> 1 - 2026"-^/^ for every R>0, 
where C is the lifetime of X^'^\ Passing R oo, we have for a.e. x G Br^, 

Fx{x[^^ G R"^) = 1. (2.11) 
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Taking tq t 00, (j2.1ip holds for a.e. x G W^; by the Markov property, Px(^t £ 1^*^) = 1 for every 
rational t > 0. Since for each rational t > 0, -P/'^H is finely continuous and -P/*^^! = 1 a.e. on W^, 
we must have Pf^^l = 1 q.e. on M'', so that Pa;(C = 00) = 1 for q.e. x S M*^. □ 

2.3 Exit time estimate 

For AcR'^, denote by 

TA := inf{t >0:Xt^A} 

the first exit time from Ahy X. 

Lemma 2.3 For every xq G M*^ and r > 0, [TB{xo,r)] ^ Cir^ for every x G B{xQ,r) \J\f. 

Proof. The proof for this is nowadays standard, see for example |Ch| . For reader's convenience, 
we spell out the details here. Let c > be the constant in (j2.4p . Take C2 > be large enough so 
that 

cmrf(S(0,l))c2'^/' < i. 
Then for every r > 0, xq € K'^ and x G B{xo, r) \ M, with t := C2r^ we have by (j2.4p . 

¥,{Xt G B{xo,r)) = [ pit,x,z)dz < ct-'^/^md{B{xQ,r)) < i. 

JB{xo,r) 

Since X is conservative, this implies that for every x S B{xQ,r) \ A^, 

^xiTBM <t)> r,{Xt i Bixo,r)) > 1/2. 
In other words, we have '^x{TB{xo,r) > < ^- By the Markov property of X, for integer k > 1, 

^x{rB(xo,r) > {k+l)t) < Ea:[Fx^:t{TB(xo,r) > t);TB{xQ,r) > mt] < ^F^{TB{xo,r) > kt). 

Using mathematical induction, we can conclude that for every k >1, 

^x{rBixo,r) > kt) < 2-^ 

which yields the desired estimate [TB(xo,r)] ^ Yl'kLo^^x('^B{xo,r) > kt) < cir^. □ 

Lemma 2.4 There is are constants ao,rQ G (0, 1) so that for every a; G M'* \ AA, 
Pa; sup \Xs — Xq\ <r\> 1/4 for every r G (0, tq]. 

ys<aor2 J 

Consequently, there exists a constant oi > so that for every x G M'^ \ A^, 

^x [TB{x,r)] > air"^ for every r G (0,ro]. 
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Proof. By Lemma 3.6 of |BBCK) and (f230]l . we have for < r < 1, 

I sup \Xs-Xo\ <r\ > e-(^o'^"^)("°'^')p^ ( sup jX^ -Xj'^^l < r ) 

> e-"o''°P^ ( sup -Xj'^l < r ) . 

\s<aor^ J 

So it suffices to show that there is a positive constant oq G (0, 1) small so that < log 2, 

aobo < h^4'^ < log(8/7) (2.12) 

and that 

( sup |Xf ) - X^^^^l < r I > 1/2 for every r € (0, tq] n Q and x G M"^ \ 7^. 

Taking s = l/\/t in (j2.5p , we have 

< cor'^/^exp (^-^^ +C2 (l + e^^^/v^^M) ) . (2.13) 

Using polar coordinate, 

/ cot'^/^e'^^' exp (-\^^] dy = ujacoe'^^' H e-'"dv, (2.14) 

J{\x-y\>r/2} \ Vt J 

where LOd is a positive constant that depends only on dimension d. Let oq > be small enough so 
that 

pOO 

Wrfcoe^'^ / e-^dv < 1/8. 

Due to (j2.6p . there exists tq G (0, 1) so that 

e^/v^5(r) < 1 for every r G (0,ro]. 
This together with ()2.13p and ()2.14p implies that for every r G (0, vq] n Q and x G M*^, 

- > r/2) = / pW(aor2,x,y)dy < 1/8. 

Moreover, by [BBCKl Lemma 3.6], we have for every s < oor^ with r G (0, rg] H Q, 
M-x|<r/2) > P,(|xM-x|<v^/2) 



> -e 
- 8 

where 
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By (I2J0I1 and (l2n^ . 

sJs,r < boa'o^'s^'-^y' < bo4'' < log(8/7) 

and so 

inf f - x| < r/2) > {7/8f > 3/4. 

In other words, we have 

sup ¥x ( l-'^i'''' - x\> r/2) < 1/4 for every s < aor^. 

Now, since X^^^ is conservative, by Lemma 3.8 of |BBCK| . 



s ^0 I 

for every r G (0, tq] H Q. This proves the lemma. □ 



sup sup \XP - X^l >r \ < 1/2, 



3 Short time near-diagonal heat kernel lower bound estimate 

Let X be the strong Markov process associated with the Dirichlet form {£,T) of (jl.5p with the 
jumping kernel satisfying the condition (jl.3p - (jl.4p and (jl.lip . Recall that p{t, x, y) is the transition 
density function for X. For a ball B <ZW^, denote by p^{t,x,y) the transition density function of 
the subprocess X^ of X killed upon exiting B. In this section we will establish the following. 

Theorem 3.1 For each Iq > 0, there exists c = c(to) > such that for every xq G M'^ and t < to, 

> ct-'^/^ for q.e. x,y G B{xQ,Vt/2) 

and 

p{t, X, y) > ct~'^l'^ for q.e. x, y with \x — y\'^ < t. 

This result will be used in later sections with to = 1. For its proof, we adopt an approach 
from [BBCK] that deals with finite range pure jump processes. But there are some new technical 
difficulties to overcome in our setting. 

Fix Xq G M'^ and let oi = 12/(2-/3). (In fact, the following argument works for any fixed ai 
bigger than 4 V (6/(2 — /?)).) For r > 0, define 

^rix)=c{il-r-^\x-xo\)+r\ 

where c > is the normalizing constant such that ^rix)dx = 1. Then the following weighted 
Poincare inequality holds. (See, for example, \SC\ Theorem 5.3.4] for the proof.) 

Proposition 3.2 There is a positive constant c\ = ci{d) independent of r, such that 



{u{x) - u^i^Y^r{x)dx < ciH / \Vu{x)\^^r{x)dx for u G C^{W). 

B{xo,r) JB{xo,r) 

Here u*^ := /^^^^^^^ n(x)^'r(a;)dx. 
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Let W be the symmetric diffusion that corresponds to the divergence form operator V(^V), 
the local part of £. Let r/^^^ = {r/|^\t > 0} be an (/5/2)-subordinator and define rjt = t + CQr][^\ 
where cq > is a large constant to be chosen at the end of this paragraph. Define Y to be the 
subordination of W by the subordinator rj = {r]t;t > 0}. Note that y is a symmetric strong 
Markov process, whose continuous part has the same law as W, and its jumping part comes from 
the subordination of W by cor]^^\ By the uniform ellipticity (jl.2p of the diffusion matrix A{x), 
the heat kernel of W enjoys Aronson-type two-sided Gaussian estimate. It follows that (see |Sto| ) 
the jump kernel of Y is of the form K{x,y)/\x — y\'^~^^, where K{x,y) is a symmetric measurable 
function that is bounded between two positive constants. By taking cq > sufficiently large, we 
can and do assume that 



J{x,y) < I ^^^'i^lfl for all |x - y| < 1. 

\x — y\"-+P 



For 6 G (0,1), set 




. - for \x — y\ > 5: 

Js{x,y)= { : , ^ ^ ^ - ' (3.1) 

- x| ^ for |x — 7/1 < 6, 

and define {£^,!F^) with Js in place of J in the definition of {£,!F). 

For 6 € (0, 1), let be the symmetric Markov process associated with {£^,J^^). Note that the 
jumping kernel for differs from that of 1" by a bounded and integrable kernel. So Z^ can be 
constructed from Y through Meyer's construction (see Remarks 3.4 and 3.5 of [BBCK| and Lemma 
3.1 of |BGKj ). Consequently, the process Z^ can be modified to start from every point in M.'^ and 

is conservative. Moreover by a similar proof to that in [BBCKj . we can show that Z^ has a 
quasi-continuous transition density function q^{t,x,y) defined on [0, oo) x R'^ x M*^, with respect 
to the Lebesgue measure on R*^. Since y is a subordination of W, we can readily get a two-sided 
kernel estimate on pyit, x, y) of Y from that of W . In fact, since the heat kernel of W is comparable 
to that of Brownian motion, (t, x, y) is comparable to that of the independent sum of Brownian 
motion and a rotationally symmetric /3-stable process. So by [SVJ, 



\X - y\d+P 



t 



y\d+f3 



for all t > and x,y G M'^. Consequently, parabolic Harnack principle holds for Y (see \SY\ 
Theorem 4.5]). On the other hand, as a consequence of Meyer's construction (see the proof of 
Proposition 2.1 of [CKKj ) and (13. 2p . there are constant tQ,r £ (0, 1) and c > 1, which depend on 
6, so that 

c~^PY{t,x,y) < q^{t,x,y) < cpY{t,x,y) for t G (0, to] and |x - y| < tq. (3.3) 

From (13. 3p . we can easily show that parabolic Harnack principle holds at small-size scale for Z^ 
and that its parabolic functions are jointly continuous (see [CKKl Remark 4.3(ii)]). In particular, 
q {t,x,y) is jointly continuous on R+ X M*^ X R'^. 
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For r S (0, 1], let Br = B{0,r) and let be the Dirichlet form corresponding to the 

process killed on leaving the ball Bj.. Let q^'^''{t,x,y) be its heat kernel with respect to the 
Lebesgue measure in B^- We first prove the following, which corresponds to Lemmas 4.5, 4.6 and 
4.7 in |BBCKj . 



Proposition 3.3 (i) For each t > and yo € B^, we have 

r'-^'i^, ■,yo) 

(a) Fix yo € B and let G{t) = "^r{x)logq^'^'~{t,x,yo) dx. Then for every t>0, 

G'{t) = -£ f/'^'-(t,-,yo) 



The following lemma plays a key role in our proof of above proposition. 

Lemma 3.4 Assume < 6 < 1/16. Let < ti < ^2 < oo and r G (16(5, 1]. There is a constant 
c\ = ci((5, r, toi ii) > such that 

(/"^'^"■(i, X, y) > ci(r — |x|)^(r — |y|)^ for every t ^\t\^t'i\ and x,y £ Br- 

Proof. Due to the Chapman-Kolmogorov equation, without loss of generality, we can and do 
assume that 

ti < 3aomm{6or,ro}'^ 

where 5o G (0, 1) is the constant in (II. 3p and (jl.lip . and ao and tq are the constant in Lemma 12.41 
First, since as mentioned above enjoys parabolic Harnack principle at the small-size scale, 
we have by the same proof as that for Lemma 4.2 of [BBCKj that for every 7 G (0, 1), there is a 
constant Cy > so that 

q^'^'-{t,x,y)>c^ for t G [ti/12, and G 5(0,7r). (3.4) 

So it suffices to prove the lemma for x,y £ Bj. with 

max{r — \x\,r — \y\} < ri := min{ro, Sor/8, ii/(4ao)}. 

Let y £ Br with 5{y) := r — \y\ < ri. Take yo G ^(0, (1 — 36o/A)r) with \y — yo| = '^o''- Define 
T := inf{t > : \Z^ — Z^_\ > 6or} and set sq = ti/3. By the strong Markov property of Z^, 

y , < G 5(0, (1 - 5o/2)r) and tb, > sq, 



> Pj T < ao6{yy/i, Z^ G B{yo, <5or/16), sup \Z', - y\ < 5{y)/2 

\ s<T 

and sup <(5or/4) 

se[T,so+T] J 

> < aod{yf/4, Z^ G B{yo, 6or/16) and sup |Zf - y\ < 6{y)/2^ 

inf ( sup |Zf -x| < (5or/4 ) . (3.5) 
\se[o,so] / 
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Note that by conditions ([L3|)-([Lll) and (frTT|) . 

Ki := sup / t{\x-z\>5or}Jsix,z)dz < oo 

and 



K2 '■= inf inf / Js{x,z)dz > 0. 

yeSr x(^B(y, 5or/16)\Af J B{yo,Sor/16) 

As T is the first time the process makes a jump of size no less than S^r, T is stochasticaUy 
dominated from above by the exponential random variable with parameter ki and at time T, 
process jumps to position z according to the probability kernel 

JsjZ^T-^dz) 

hw.lw-z^^jySor)} Js{ZT-,dw) 

Thus we have 



T < ao5{yf/4 and Z^ £ B{yo, 6or/lQ) sup \Z', - y\ < 5{y)/2 

s<TA{aoS{y)^/4) , 



y 



> (l - e-'=i"«'^(s')'/^) {K2/K1) >cao 5{yf. (3.6) 
By Meyer's construction [BBCKl Lemma 3.6] and Lemma 12.41 



Pj sup \Zl-y\<5{y)/2\ 

\s<T/\(ao5{yY/A) J 

> ¥y I sup |Zf -y\< 5{y)/2 and T > aoSiyf/i] 

\s<ao5{j/)2/4 / 

> e~''-'"->^^y^'/% I sup \Zl-y\ < 5(y)/2 ) > l/(4e'^). 

\s<aoS(yp/4 J 

This together with (13. 6p yields that 

¥y (^T < ao5(y)V4, 4 e ^(^o, 5or/16) and supj^, - y\ < 6{y)/2^ > c5{yf. (3.7) 
Since sq = ii/3 < ao(^o'")'^/16, we have from Lemma 12.41 that 

inf P,. f sup \Zi - Zi\ < d^r/A] > 1/4. 

xm-^w \s<so ) 



Therefore we have by p.Sp and (j3.7p that 

G 5(0, (1 - 5o/2)r) and tb, > sq) > c(r - jyl 
Now for i £ [ti/2,t2], y £ Br and z £ B{0, (1 - 6o/2)r), by 



^'^^{t,y,z) > / g^'^^(so,y,ii')'7'^'^'-(t-so,«^,^)dw' 

./B{0,{l-5o/2)r) 

> c / q^'^''{so,y,w)dw 

JB(0,(l-<5o/2)r) 

= cPy (Z^ G 5(0, (1 - 5o/2)r) and r^^ > sq) 

> c{r-\y\f. 
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This together with the Chapman-Kolmogorov's equation 

[t, x,y)> [ g^'^-- (t/2, X, z)/'^'- (t/2, z, y)dz 

JB{0,{l-So/2)r) 

proves the lemma. □ 



Proof of Proposition 13.31 (i) First, similarly to the proof of [BBCKt Lemma 4.1], we have 

dq^'^'-{t,x,y) 



< cit-'^/2 and 



dt 



for every x,y ^ Br and t > 0. Using this, q^'^''{t, -,2/0) £ !F^'^^ can be proved in the same way as 
the proof of [BBCKl Lemma 4.5]. Next, by Lemma 13.41 and by the choice of ai, for every yQ £ Br, 
e G (0, 1) and 7 S ( 1 , there is a constant C = C{yo, (3,S,e) > such that 



^r(x)'^//-^'-(t,x,yo) < C, for every t G (e,e"^] and x G Br. (3.9) 

Using this, ^ri')^^^ /q^'^'' (t, -,2/0) is bounded on Br- By extending the function x 1— > gS,B'/(l^^ 
to be zero on Br, we see that it vanishes continuously on Br- Similar to the proof of Proposition 

So, in order to prove /it(-) := *I'r(-)/(7'^''^''(t, -,1/0) S T^'^'^ , it is enough to prove £^{ht,ht) < 00. 
Let Mt(-) = q^'^'~{t, ■,yo). In order to show Vht{x)A{x)Vht{x)dx < 00, it is enough to prove 
\ut{x)V"^r{x) — 'i! r{x)\7 ut{x)\'^ / ut{x)^dx < oo, siucc a(-) is uniform elliptic. Computing this, 

\ut{x)V^r{x)-^rix)Vutix)\[^^ < 2 f / \^lA^dx + f ^iMZ^fiM^rf^ 



< 2 ^iC2 niiiiBr) + C2 J \Vut{x)\'^dx^ < oo, 



where jV^'rP/^r < ci and "^^^ /ut < C2 (due to ()3.9p ) are used in the second inequality. The proof 
of 

(utix) - ut{y)f Js{x,y)dxdy + 2 / ut{xf / Js{x,y)dy \ dx < oo 

can be done similarly to that of [BBCK^ Lemma 4.6] (with a suitable change due to the shape of 
Js, for example 7 = (2 — /3)/3 in the proof). We thus obtain £^{ht, ht) < 00. 

(ii) Given (i), (j3.8p and (j3.9p . this can be proved in the same way as the proof of [BBCKt 
Lemma 4.7]. □ 

The idea of the proof of the following theorem is motivated by that of Theorem 3.4 in [CKKj 
and Proposition 4.9 in |BBCK] . However, due to the existence of the divergence form part, various 
non-trivial changes are required. 
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Theorem 3.5 For each Iq > 0, there exists c = c(to) > 0, independent of 6 £ (0, 1) such that for 
every xq G M.'^, t < to, 

^5,B(xo,ii/2)^^^^^y^ > for q.e. x,y e B{xo,Vt/2) (3.10) 

and 

q\t,x,y) > ct~'^/^ for q.e. x,y with \x -y\'^ <t. (3.11) 

Proof. Fix 5 G (0, 1) and, for simplicity, in this proof we sometimes drop the superscript "5" from 
and q^{t,x,y). Also, for notational convenience, let xq = 0. For ball Br := B{0,r) C M'^, let 
q^''{t,x,y) denote the transition density function of the subprocess Z^'' of Z killed on leaving the 
ball Br. 

Define B := 5(0,1) and for r < 1, let (iS^''\ JF^''^'^) be the Dirichlet form corresponding to 
{r~^Z^2^'' ,t > 0}, which is the subprocess of {Z^^^ := r~^Z^2^,,t > 0} killed on leaving the unit 
ball B. Define 

q^{t,x,y) = q^r'^{t,x,y) := rV (Arx,ry). (3.12) 

It is easy to see qr{t,x,y) is the transition density function for process r~^Z^'2^''. 

Set ^'(x) = c((l — |x|)+)"i, where c > is the normalizing constant. Let xq G B{0, 1), r < 1, 
and define 

u{t,x) := qr{t,x,xo), 

v{t,x) := q^{t,x,xo)/^{x)^/\ 

H{t) := I ^{y) log uit,y)dy, 
Jb 

G{t) := ^{y)\ogv{t,y)dy= hil{y)\ogu{t,y)dy-- hll{x)\og^{x)dx 
JB JB ^ Jb 

= H{t) + ci. 

By Proposition 13.31 and the scaling, we have 

G'{t) = -S^"-^ {u{t, •), ^) =: -(Ji + J2), (3.13) 

where Ji is the diffusion part and J2 is the jump part of the Dirichlet form. 

We first estimate the jump part. Write Jg^\x,y) := r'^^'^Js{rx,ry). By the same argument as 
in the proof of Proposition 4.9 of [BBCKj (up to the formula fourth lines after (4.15) there), we 
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have 



JbJb v{t,x) 
+ l^^{x)(2 l^^jP{x,y)dyyx 

< f !{^{xf/^-^{yf'^f4\x,y)dxdy+j^{x){2! 4\x,y)dy)dx 

JBJB J B J B^ 

< C2r2-/^£:(M/i/2^^i/2) 

where the last inequahty is due to the shape of J and the Lipschitz continuity of \& (note that 
C2<?(^',^') is independent of r). 

We next estimate the diffusion part. 

J,=£(^')'-L{t,-),-^)< [ Vu{t,x)a{rx)v(^^)dx 

= / 'Vlogu{t,x)a{rx)'V^{x)dx — / V logu{t,x)a{rx)'V logu{t,x)^{x)dx. (3.14) 
Jb Jb 

Note that 

< / ((V log u)^f^- ^)a^''^ ■ ((V log u)y/^ - -^)dx 
Jb 

= [ V^a'^''^ ■V^^-^dx+ [ (Vlogu)a<''> • (Vlogn)^dx-2 [ (Vlogu)a<''> • V^dx, 
Jb Jb Jb 

where a^'~^(-) = a(r-). Using this and (jl.2p in (13.141) . we obtain 

-dx - C4 / |VlogM(t,x)p^'(x)dx = C5 - C4 / \Vlogu{t,x)\^'^{x)dx, 
Jb Jb 



Jl < C3 



where the last equality is due to the fact | V^'(x)p/^(x) < C5.5 for x G i3, which is because ai > 2 
in the definition of ^. Thus, using Proposition 13. 2|, 



Ji<CQ-cj / (log'u(t,x) - H{t)f^{x)dx. 
Jb 

Combining these, we obtain from p.l3p . 

G'{t) = H'{t) > -C8 + C7 / {\ogu{t,y)-H{t))H{y)dy. (3.15) 

Jb 

Given this inequality, (j2.4p and Lemma 12.41 the rest of the proof is the same as that of [BBCKl 
Proposition 4.9] (cf. also [CKKl Theorem 3.4]). 
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Proof of Theorem [O For any ball B C R'^, let {£^^^,J^^'^) denote the Dirichlet form of the 
subprocess Z^'^ of killed upon leaving the ball B. Similarly to the proof of |BBCK[ Theorem 
1.5 and Theorem 2.6], we can show that {£^,!F^) and {£^'^ converge as 5 —> to {£,J^) and 
{£^ ,J-^), respectively in the sense of Mosco, where i? is a ball in R"^. Therefore the semigroup of 
and Z^'^ converge in to that of X and , respectively. Theorem 13. II follows from Theorem 
13.51 bv a similar argument as that for [BBCKl Theorem 1.3]. □ 



4 Holder continuity and Parabolic Harnack inequality 
4.1 Holder continuity 

In this subsection, the Dirichlet form {£,J-') is given by (jl.5p with the jumping kernel satisfying 
the conditions (|1.3|) - p.4|) . and X is its associated strong Markov process in M.'^. 
For r G (0, 1], define 

Q{x,r) := (0,r^] x B{x,r). 
For each A C [0, oo) x W^, denote aA ■= inf{t > : Zt £ A} and A^ := {y : (s, y) G A}. 

Lemma 4.1 There exists C2 > such that for all x G M'^, < r < 1 and any compact subset 
A C Q{0,x,r), 



where Tr = TQ{a;,r) '^''^d nid+i is the Lehesgue measure on 
Proof. For < r < 1, 



2 

(f7A<r,) > J p(''''^)((r2-s,xf(^'^))G^)ds 

p^^'^'''\s,x,y)dyds 



j,2 p{r2,x) 



-^K 

^ f c rnd+i{A) 

- / / -idyds = c 2 ' 

Jo J A 2 ^ 

where Theorem 13.11 is used in the last inequality. □ 

We can now establish the Holder continuity for parabolic functions of X. First, recall the 
following well-known formula (see, for example [CK2t Appendix A]). 

Lemma 4.2 (Levy system formula) Let f be a non-negative measurable function on M+ x x M'^ 
that vanishes along the diagonal. Then for every t > 0, x G M'^ \ and stopping time T (with 
respect to the filtration of X), 



Ex 



Y,f{s.Xs-,Xs 



s<T 



^ y^J{s,Xs,y)J{Xs,y)dy^ds 
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Proof of Theorem ll.2l For x e M°'\AA and r < 1, apply Lemma lOl to f{s, y, z) = lB{x,r){y)'^B{x,2r){z) 
and T = TB(^^^^y Then it follows from (II. 4p and Lemma 12.31 for every s > 2r, 



^ B{X,S] 



Ex 



'i\B{x,s) 

'TB(x,r) 



J{Xt,y)dy dt 







< c (s A 1)"^ [rB(a;,r) 

< cr^/{s Alf. 



\Xt-y\^ Al)JiXt,y)dy]dt 



(4.1) 



Using this and Lemma 14.1^ the rest of the proof is the same as that for the proof of Theorem 4.14 
in [CKl] except that the estimate for 



Ui^Tk+i) - 9(^2); 0-A > Tk+1 and Z-,^^^ G Qk^i \ Qk+i- 



i=l 



at the bottom of page 57 of fCKl| should be bound as follows. Take p < r], then 



(4.2) 



i=l 
k 



< 5]c7?^'(/>V^r + c||/i||oo,fiP' 
i=l 

^ k-\ 2 , fc+l 

< cry p + cp 



k+l 



< cr] 



k+l 



□ 



4.2 Parabolic Harnack inequality 

In this subsection, the Dirichlet form {£, T) is given by (jl.Sp with the jumping kernel satisfying 
the conditions (|1.3p - p.4|) and (|1.14|) . and X is its associated strong Markov process in M*^. 

Recall that Zs := {VsiXs) is the space-time process of X, where Vg = Vq — s. The following 
lemma corresponds to |CKK1 Lemma 4.2]. Noting that the continuous component of the process 
does not play any role since the function h is supported in [0, 00) x B{xq, ^RY-, the proof is almost 
the same as that of [CKK[ Lemma 4.2]. We point out that condition (|1.14|) is used in a crucial way 
in the proof of this lemma. 

Lemma 4.3 Let R < 1 and 6 < 1. Qi = [to + 26R'^/3, to + 5(5i?2] x B{xo,3R/2), Q2 = [to + 
6R'^/3, to + lldR'^/2] X B{xo, 2R) and define Q_ and Q+ as in Theorem\r^ Let h : [0, oo)xR'^ ^ 
be bounded and supported in [0, 00) x B(xo,3Ry . Then there exists Ci = Ci{5) > such that 
the following holds: 

E(*1'J'i)[/i(Z,qJ] < CM'^'y^^hiZ^Q^ for (ti,yi) G Q„ and (^2,^2) G Q+. 
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Proof of Theorem 11.31 With the above lemma, Lemma 14.11 and the heat kernel estimates in 
the previous sections, the proof is almost the same as that of the proof of [CKK^ Theorem 4.1] for 
R<1. □ 



5 Heat kernel upper bound estimate under condition (11.91 ) 



For the remaining two sections, we assume that the jumping kernel J for the Dirichlet form (£, T) 
of (|1.5|) satisfies condition p.9|) . For simplicity, define 

(f){r) := A (/>(r). 

Note that r — > 0(r) is a strictly increasing function on [0, co) so it has an inverse function (j)~^{r). 
Clearly, 

where 4>~'^ is the inverse function of <j). Note that 

<^-i(t)-«' = t-'^/2 A0-i(t)-'^. 

Theorem 5.1 There are positive constants ci and C2 such that for every x,y G M"^ and t > 0, we 
have 

p{t, X, y) < ci ^-Ht)-"^ A C2\x-y\)+ p>{t, \x - y\)) . (5.1) 

Before proving this theorem, we make some preparations. For r > 0, let (S^^^J^^^"^) be the 
Dirichlet form corresponding to := r~^X^^^-^^,t > o|. By simple computations, we see that 

jr(r> ^ w^''^{R'^) and for u,v £ J^<''>, 



(x) • a{rx)'S/v{x)dx + / (n(x) — u{y)){v{x) — v{y))J^^''^ {x, y)dxdy, 

where J^'"^(x,y) = (j)(r)r'^J{rx,ry). Note that 

j(-)(x,y) X ^ = - , 

' \x — y\^(j){r\x — y\) \x — yl'^^'rilx — y\)^ 

where (j)r{s) := (j){rs)/(f>{r) (note that (j)r enjoys the properties (jl.7p and (jl.Sp with the constant 
c > independent of r). Clearly the transition density function pr{t,x,y) of X^^'^ with respect to 
nid is given by 

Prit, X, y) := r'^p{(t){r)t, rx, ry). (5-2) 
The following on-diagonal estimate holds for p(t,x,y): 

p{t,x,y) <c (t-'^/^ Ac/y-^it)-"^^ , Vt > 0. (5.3) 
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If follows from the Nash inequality for the stable-type Dirichlet form obtained in |CK2t Theorem 
3.1], we have p{t,x,y) < c(f>~^{t)~'^, so that (j5.3p holds. Thus, using (j5.2p . we have 

(0-1(^(0*)) ^=:g{r,t). (5.4) 

Clearly g{r,l) = 1 and 

gir,t) < c[AHr)t)~'^\^^^^,^,y+ArHH^^^^^ 

For A > 0, define 



J^'-'^^Cx,^) := J<'^H^,y)l{|x.-,|<A} 

and let {£^'''^\W^^^(R'^)) be defined as but with jumping kernel J<^'^> in place of J^^'l 

Let X^^'^'^ be the symmetric strong Markov process associated with {£^''^^\W'^'^{R'^)). The process 
X^"^'^^ can be obtained from X^^'^ by removing all the jumps whose size is larger than A. We 
will apply Davies' method to derive heat kernel estimate for process X^^'^'^ . On-diagonal estimate 
()5.4p together with Theorem 3.25 of |CKS] implies that there exist constants C > and c > 0, 
independent of A > and 5 > such that 

pi^\t,x,y)<gir,t) exp - + C A,,a W t) (5.5) 

for all t > 0, X, y G M"^ \ Af and every A > 0, and for some V' satisfying Aj._a(V') < c«, where 

Ar,x{i;f = ||e-'^r,,A[e'^]||oo V ||e2'^r,,A[e-'^]||oo. 

Here 

r.,AH(e) = ^ E ^^M)§^iO^{0 + / {v{v)-v{0?J^^'\v,Odri, C e k-^. (5.6) 

r OXi OXj J\ri-^\<X 

Define 

n{Tr,x) :=lv:G^R sup Tr^iO < oo\ . 



A key observation is that 7i(Tr^\) contains the cut-off distance function ip given by 



m--=li\C-x\A\x-y\) for^GM^ (5.7) 
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where s > is a parameter to be chosen later. Note that {ipir]) — < {s/3)\r] — ^| for all 

^,r/ G M"^. So 



J|r?-5|<A 

S2 



9 



l'?-5l<A 



<c4 + {^?e''"' I h-e|V<^)(r?,Ocir? 
- 9 io </'r-(i) 



«2 \2 



9 </.,(A) 

for every ^ £ W^. Here we used Lemma 2.1(ii) of |CK2j for the fourth inequality and the fifth 
inequality is by l\1.8\\ . The same estimate holds for e^'^^^'*rj._;^[e~'^](^). Denote the constant C2 > 
by C=K and define 

F{r, A, s, t, R) := exp + + ^1^^ ?j . (5.8) 

Then, by ()5.5p . with i? = |a; — y|, we have 

<5(r,t)F(r,A,s,i,i?). (5.9) 

Note that there is a freedom to choose s > properly. We are now ready to prove Theorem 15. 1[ 

Proof of Theorem 15.11 By ()5.3p . it suffices to show that 

p{t,x,y)<ci {p''{t,C2\x-y\)+p^{t,\x-y\)) . (5.10) 

Our proof consists of considering 5 cases. Recall that R := \x — y\. 
Case 1: R'^ <t< (t){R) < 1. 

Take r = 1, A = i? and s = in (j5.9|) . Note that in this case, g{l, t) = ct~'^/'^ and 



sR pR/Vt 



< - = es^. 



(I){R) (t>{R) t 
So 

p[^\t,x,y) < cit-^/2e-¥+^'a+->'* = c2t-''/^e-^K 
(In fact, p^^\t,x,y) < cit^'^^'^ in this case.) It follows by Meyer's construction that 



R'^<p{R) 
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The last inequality is due to the assumption that B? < t. So (jS.lOp holds in this case. 



Case 2: 4>{R) < t. 

This is a free lunch as p^{t,x,y) ~ c(f)^^{t)^'^ in this case and (jS.lOp follows. 

Let K = f3i/{72C^:{d + and let o = eK/c, where and c are the positive constants in 
(j5.8|) and (jl.7p . respectively. Before we consider the remaining three cases, let us first do estimate 
on F := F{r, A, s, t, R) under two situations: 

V y - t - ' ^ ^ t 

Since mine^/x = e, we have 

x>0 

which, by ()1.7p is no less than 1/c if min{r, i?} > 1 or if r < 1 but rR > 1. So Situation (ii) may 
happen only when r < 1 < R and rR < 1. 

Situation (i): e^^'/* > and i?^ > t. 

Let F = /3i/(12(d + Pi)). We take A = i^i? and s = {HR)~^ \og{e(t)r{R) / 1) > in (US]). By 
()1.7p . there is a constant ci > such that 



-t < ci t = cie. 



Moreover, using the assumption, 

ash = ^*^log^ = C.— log- + C.— log^ 
St ^ St KR^ ft R\ sR 

^ ''r^^*hr^ = '[''r^^)-T^''^ 

since K = /?i/(72C*((i + (3i)) = i//(6C*). The last inequality is due to that fact that when 
R'^/t > 12c2, 

t R\ f R R\ sR 

S\C2' 

while for I < R'^ /t < 12c2, 



So, by (|5.8p . we have 



F<exp(-^ + C3 + C.c,e)=c4^j =C5^^j . (5.11 



12 



Situation (ii): e^^'/' < 
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We take A = KR/{6C^), s = R/{QCj) in By ([TTl), there is a constant c> such that 



-t < c , , t = c , , t < ca. 



(t>rW ~ MR) MR) 

So 

F < exp (^-'^ + C^sh + C^ca^ (5.12) 

f sR ^ sR\ f sR\ ( i?2 

= ce exp — :r + ^* TTFT = exp — — = ce exp 



Case 3: i < 1 < i?. 

We will take r = 1 in this case so by ([5 
This case falls into Situation (i) and so we have from (j5.9p and (|5.1ip 



'(f){R)d/lii+l - Rd(t){Ry 

where we used ()1.7p in the last inequality. By Meyer's construction, we conclude 

This establishes (|5.1Up in this case. 
Case 4: (j){R) >t>l. 

Let r = (j)~^{t) > I, x' = x/r and y' = y/r. Since R > r, \x' — y'\ > I so the estimate 
for pr{l,x',y') falls into Situation (i). As g{r,l) = 1, we have from (j5.9p . (15. lip and Meyer's 
construction 

r'^p{(l){r),x,y) = Pr{l,x',y') 

< pW(l,x',y')+ sup /" j'^''Hx,y)t{\x-y\>x} 



1 

< c ——, + 



M\x'-y'\)J \x' - y'l^Mlx' - y'\) 

1 Cg 



< 



(/.^(l)'^M|x' -y'l) \x' - y'\'^(l)r{\x' - y'\) 

cwM) 



\x' - y'\'^(l)r{\x - y\)' 



Here we used (|1.7p in the second to the last inequality and the fact that (pri^) ^ 1 in the last 
inequality. Since t = (j){r), we conclude that 

\x - yl'^cpilx - y\) 
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This proves (jS.lOp in this case. 



Case 5: t < R^{< 4){R)) < 1. 

Let r = R = \x — y\, x' = x/r, y' = y/r. Note that 4>{r) = as r < 1 and \x' — y'\ = 1. Let 
t' = t/r'^ <l. Note that 

9{r,t')<c{t')-'"'' Kcit'yi^K 

If e^/*' > a<j)r{l)/t\ then we are in Situation (i) for pr{t' ,x' ,y'). By the same calculation as 
that for Case 3, we have 



Cut' cut'r'^ 



' ' ~ — y'\^ (prilx' — y'\) \x' — y'\'^ (l){\x — y\) 

Noting t = t'r"^, we obtain 

\x - y\'^4i{\x - y\) 

If e^/*' < a(pril)/t', then we are in Situation (ii) for x' , y'). So by ([53]), ([51^ and Meyer's 
construction 

r'^p{rH',x,y) = Pr{t',x',y') 

< prit',x',y') + t' sup / J^''\x,y)l{i^_yi^x}dy 

^ .,-d/2 ( Ci3|x'-y'p\ Ci4t' 

< ci2t ' exp I I + — ., , , 

Noting t = t'r^, we obtain 



\x' - y'\^M\x' - y'D' 



p{t,x,y) < ci^t I exp( )+| -. 

t \x - y\'i (j){\x - y\) 

This proves the claim (jS.lOp . 

The upper bound estimate in (15. ip is now established for every t > and X, y G W^. □ 



6 Heat kernel lower bound estimate under condition (11.91 ) 



Recall that := A and so (p'^{t)~'^ = r'^/'^ A In this section, we wiU establish 

the following. 

Theorem 6.1 There exist positive constants ci and C2 such that 

p{t, X, y) > ci ^-Ht)-"^ A {p^{t, C2\x - y\) +p'{t, \x - y\)) (6.1) 
for each x, y E M'^ and t > 0. 

To prove it, we need first establish some tightness results and extend Lemma l4.ll to all r > 
and Theorem 11.31 to all ii > 0. 
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6.1 Tightness and some lower bound estimate 

Using the heat kernel upper bound, we can prove the following estimate of the exit time from a 
ball. 

Proposition 6.2 For each yl > and < i? < 1, there exists 7 = ^{A,B) G (0, 1/2) such that 
for every r > and x G E"^ \ M , 

Fx {TB{x,Ar) < iHr)) < B. 
Proof. Let x €R'^\J\f. By the upper bound estimate in (15. ip . for every s > and t > 0, 



■i\Xt-x\>s) = / p{t,x,y)dy 



citdy_ ^ ^ ^-dn f cslx-yp 

I 

2 



^ / I M^fn h+^2t-'^'/ exp(- -'-- )d^ 



at ^ C4t crt cgt 



The above computation is standard; see Lemma 2.1(i) in |CK2j for the estimate of the stable part 
in the second inequality, and [Ba] Lemma 3.9 (a) for the estimate of the Gaussian part in the second 
inequality. Given this inequality, the rest of the proof is the same as that of Proposition 4.9 in 
|GK2j with (j) in place of 4> for the case of 71 = 72 = there. □ 

Using Proposition 16.21 one can prove the following proposition in the same way as the proof of 
Proposition 4.11 in [CK2] but with <f) in place of (j) for the case of 71 = 72 = there. 

Proposition 6.3 There exist constants ci > 2 and C2 > such that for every t > and every 
x,y gR'^XM with 

ticp-'it))" 



(X, e B{y,c,r\t))) > C2 , '"-"^J'^^ . (6.2 



X - y\'^(l){\x - y\) 
6.2 Parabolic Harnack Inequality 

Denote 7(1/2, 1/2) in Proposition 16.21 bv 70. For each r, t > 0, we define 

Q{t, x, r) := [t, t + 7o0(r)] x B{x, r). 
The following is an extension of Lemma 14.31 to all r > 0. 

Lemma 6.4 There exists Ci > such that for every x G , r > 0, y €z B{x, r/3) and a bounded 
nonnegative function h on [0, 00) x M'^ that is supported in [0,oo) x B{x,2rY, 



E(7o0(r),x) < CiE^TO'^^'')'^') [h{Tr,Xr,.)] , (6.3) 



where Tr = tq(o,x,t) ■ 
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Proof. The proof is the same as Lemma 6.1 in |CK2] . Note that the continuous component of 
the process does not play any role since the function h is supported in [0,oo) x B{x,2ry. (Note 
that in [CK2] the space-time process is running forward in the sense that Vt = Vq + t there while 
in this paper Vt = Vq — t is defined to run backward. Clearly there is one-to-one correspondence 
between these two situations. Thus the estimate in Lemma 6.1 in |CK2j is under probability law 

same remark applies in the following when [CK2j is 
cited, for example, in the proof of the next three results.) □ 

For each A C [0, oo) x M'^, denote cta := inf{t > : Zt £ A}. 

Lemma 6.5 There exists C2 > such that for all x G M'^, r > and any compact subset A C 
Q{0,x,r), 

md+i{A) 



p(70*(r),a=)(^^ < Tr) > C2- 



r'^Sir) 



where Tr = rQ^o,x,r) ■ 



Proof. When r < 1, this is proved in Lemma [4.11 When r > 1, we have (/)(r) = ^(r) so the desired 
inequality can be proved similarly to Lemma 6.2 in |CK2j . □ 

Define U{t,x,r) := {t} x B{x,r). 

Corollary 6.6 For every < 6 < 70, there exists C3 > such that for every R £ (0, 1], r € (0, ii/4] 
and (t, x) £ Q(0, z, R/3) with <t< 7o^(i?/3) - 64>{r), 



r'^(h(r) 



R'^<p{R) 

Proof. Given Lemma l6.5l and Proposition 16.21 the proof is the same as Corollary 6.3 in |CK2j but 
with (j) in place of </> there. □ 

The following extends the parabolic Harnack principle in Theorem 11.31 to all i? > 0. 

Theorem 6.7 For every < 5 < 70, there exists ci > such that for every z G M"^, i? > and 
every non-negative function h on [0, 00) xM*^ that is parabolic and bounded on [0, ^(j){2R)] x B[z, 2R), 

sup h{t,y)<ci inf h{0,y). 

{t,y)<=Q{5${R),z,R) y<^B{z,R) 

In particular, the following holds for t > 0. 

sup p{s,x,y)<c inf p{{l + ^)t, x,y). (6.4) 

Proof. Given Lemma 16.41 Lemma 16.51 and Corollary 16.61 the proof of this PHI is the same as that 
of Theorem 4.12 in |CK2j (see also the proof of Theorem 4.5 in |S Vj ) . □ 
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6.3 Lower bound 



Lemma 6.8 There exist ci, C2 > such that 

p{t,x,y)>ci {4>'\t))-'' 
for allt>0 and x,y eM.'^\M with \x - y\ < C2 4>~^{t). 

Proof. This is already proved in Theorem EH] for t < 1. Given (|5.1|) . Proposition and Theorem 
16.71 the proof is the same as that of Lemma 4.13 in [CK2j but with (p in place of cp there. □ 



Proof of Theorem 16.11 Let t > 0. Due to Lemma 16. 8^ it is enough to prove the theorem for 
\x — y\ > C2 (l)~^{t). Applying Proposition 16.31 with f^, = (1 — 7)^ in place of t, we have 

P.(X,. G B{y, c,r\U))) > C21 



\x - y\"-(t)[cz\x - y\ 



As md{B{y, ci0 ^(t*))) < 04(0 ^{t^)Y, the above implies p{t^:,x,z) > c^t/Qx - y\'^(j){c3\x - y\)) 
for some z € B{y, cicl)^^{t^)). By applying (|6.4p as before, we have 

p{t,x,y) > c- 



X - y\'^(i){\x - y\ 



For (|6.1|) . the exponential decay appears on the RHS only when t < r^(< (p{r)) < 1 (Case 4 in the 
upper bound), where r = |x — ?/|. So, the only case left is this case. In this case, choose G N so 
that s := t/N x {r/N)"^ (so N x r'^/t). Then, p{s,x,y) > cs~°'/^, by Lemma 16.81 Thus the usual 
chain argument gives p{t,x,y) > ct"*^/^ exp(— c'r^/t). □ 
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